We prove that a recently derived correlation equality between conserved charges and their associated conserved currents for quantum systems far from equilibrium [O.A. Castro-Alvaredo et al., Phys. Rev. X 6, 041065 (2016)], is valid under more general conditions than assumed so far. These correlation identities, which give rise to a current symmetry somewhat reminiscent of the Onsager relation, are also shown to hold in any space dimension and to imply a symmetry of the non-equilibrium linear response functions.
Introduction.-Consider a stationary invariant quantum system far from thermal equilibrium with (not necessarily commuting) conserved charges Q α and the associated currents J α i in space direction i. For the onedimensional case the equality for the connected correlation functions
has been derived recently [1] under quite general circumstances, viz., assuming only translation invariance, a generic assumption on the decay of correlations, and, more significantly, commutativity of the stationary density matrix with the charges Q α . This result is remarkable as there is no a priori reason to expect any such general equality for correlations of physically unrelated conserved quantities and their currents. A similar result holds without the assumption of commutativity, but Q β J α i on the right hand side of the equality [2] . Charge-current correlation functions are relevant in the context of generalized hydrodynamics for integrable quantum systems [1, 6] and enter also e.g. the general expression of the Mazur bound [3] for Drude weight that characterizes DC-conductivity. Indeed, recently a specific correlation equality of the form (1) has appeared implicitly in the study of the Drude weight of the onedimensional Lieb-Liniger Bose gas from a phenomenological hydrodynamics perspective [4] and in the Betheansatz computation for the one-dimensional quantum Heisenberg chain [5] .
Here we show that the validity of (1) is not limited to commutativity of the stationary density matrix with the conserved charges, but is completely generally valid. To mention a simple example, where this generalization is relevant, consider the time evolution of the isotropic Heisenberg ferromagnet without magnetic field after a quench, prepared with a stationary density matrix that includes a magnetic field along some direction. Then the derivation of [1] would not cover the correlation equality (27) for Q α = S z (unless the field is parallel to the zdirection), while, in actual fact, it is valid also in this case.
Besides proving this generalization (as well as its lattice analogue and finite-size corrections) we also point out that the correlation equality is valid in any dimension. We also discuss some implications of the finite-size corrections in the case of thermal equilibrium and a symmetry for linear response functions far from equilibrium.
Setting.-Consider a translation invariant many-body quantum system with Hamiltonian H in d space dimensions. For stating the correlation equalities rigorously we take periodic boundary conditions and work on the torus
d of length L and then take the thermodynamic limit L → ∞. We study the system in a translation invariant stationary state defined by a density matrix ρ. We stress that the stationarity condition
does not imply thermal equilibrium ρ ∝ exp (−βH). For observables O we recall the definition
of time-dependent operators in the Heisenberg picture. Specifically, we consider a family of n locally conserved charges, i.e., operators q α (x) that satisfy the continuity equation
where
over the torus, but excluding the space direction i. Using these integrations we introduce the operators
and
Due to the periodic boundary conditions, the continuity equation (4) yields
and the conservation laws
which imply Q α (t) = Q α . We denote stationary expectation values and connected correlation functions by O := tr(ρO) and
the connected correlation functions
and the integrals
Because of the conservation law (11),
is independent of time. By time-translation invariance, the correlation function C αβ (x, t) satisfieṡ
which follows from the stationarity of the density matrix (2), the unitarity of the time evolution (3), and the continuity equation (4), which allow for taking the timederivative either by acting with the commutator [H, ·] to the right on q β (x, t) (first equation) or by its adjoint action, i.e., to the left on q α (0) (second equation).
The fundamental correlation equality.-Using space and time translation invariance one obtains from the continuity equation (10) and from (21) 
which, remarkably, are time-independent. On the other hand, using the expression (23) one finds in the same fashioṅ
Comparing with (24) we arrive for each space component i of the currents at the charge-current correlation equality (27).
which implies, in any space dimension, by space translation invariance the main result (1) without assuming commutatity of the charges with the density matrix. Before pointing out some physical consequences of the correlation equalities we comment on finite size corrections and lattice models. In taking the thermodynamic limit in the partial integrations that lead to (24) -(27) it is tacitly assumed that the boundary terms vanish, i.e.,
(28) for fixed t. Generically, this is justified by the finite LiebRobinson speed in non-relativistic quantum mechanics [7] . The boundary terms become relevant if in a finite system Q α j
for some pair α, β of conserved charges, or if the Lieb-Robinson bound is not satisfied, e.g., due to long-range interactions or non-local conserved charges. Also in the presence of stationary long-range correlations at or below a quantum critical point the correlation decay (28) may not be satisfied.
A similar correlation equality is valid for lattice models on the d-dimensional integer torus with L i lattice points in space direction i and coordinates k i ∈ {⌊−L i /2⌋ + 1, . . . , ⌊L i /2⌋}. (Here ⌊x⌋ ∈ Z is the integer part of x ∈ R.) Since some care needs to be taken with the boundary term when replacing integrals by sums we state explicitly the full correlation equalities for finite lattices.
Consider a family of n operators q α (k) which satisfy the discrete continuity equation
with the conserved currents j α i (k) in space direction i and the neighbouring site k
form a set of n conserved charges Q α = Q α (t). By going through similar steps as in the continuous case, one deduces for any finite L i and t the correlation equality
analogous to (27). Eqs. (24) and (25) becomė
We stress that (31) -(33) are exact relations valid for any finite t and lattice size L i ≥ 1. In continuous space one
Applications.-We explore some consequences of the fundamental correlation equalities (1), (27) and the correlation equalities (24), (25).
(i) Consider a generalized Gibbs ensemble (GGE)
with Z = tr(M e n α=1 λ α Q α ) and the stationarity condition [H, M ] = 0. It has been conjectured that such a GGE state emerges asymptotically in time when an integrable system, which has an extensive number of conserved local charges, has suffered a sudden quench [8, 9] , see [10] for a general review. This conjecture has been checked explicitly in many non-interacting models, see for example [11, 12] , and tested in truly interacting integrable models with a truncated GGE taking into account only a finite number n of charges [13] [14] [15] [16] .
With the short-hand notation ∂ α ≡ ∂/(∂λ α ) one has
We remark that this relation is not a trivial analogue of the same relation in classical statistical mechanics since the operators M and Q α are until this point not assumed to commute with each other. Nevertheless, the relation holds due to the differentiation formula for matrix exponentials [17] and the cyclic invariance of the trace.
With the further assumption that M and all Q α indeed form a set of mutually commuting charges, i.e.,
then one also has
for any observable O that does not explicitly depend on λ α . In particular, we observe that
where the expectations q α and j α i are understood as functions of the generalized chemical potentials λ α . Then the fundamental correlation equality (27) yields the current symmetry
both for the lattice and in the continuum in any space dimension obtained in [1] for one-dimensional systems. The validity requires (i) the time translation symmetry (21), (ii) stationarity of the GGE (34), (iii) decay of correlations (28), and (iv) commutativity (36) of the charges under consideration with the density matrix and among themselves. If the conserved charges do not commute with M , then the current symmetry (41) attains quantum terms coming from the derivative of the matrix exponential [17] in (34).
The significance of the Onsager-type relation (41) is further elucidated by noting that it implies that the hydrodynamic equation for the conserved charges that arises on large scales from the microscopic continuity equation (4) is hyperbolic, as in classical stochastic dynamics where a similar current symmetry has been proved rigorously [18, 19] . This guarantees that the characteristics and hence the speeds of kinematic waves, which are the eigenvalues of the current Jacobians (J i ) αβ = ∂ α j β i , are real-valued, in contrast to systems where linear stability arguments yield complex speeds of kinematic waves at the onset of phase separation [20] where decay of correlations does not hold.
(ii) Next we derive a linear response symmetry from the correlation equalities (24), (25). Consider a timedependent perturbation of the form H(t) = H 0 + hA(t) where h is the interaction strength. The linear-response function for an observable B is given by [21] 
For a pulse at time t 0 = 0, i.e., when the perturbation is of the form A(t) = Aδ(t), and for a density matrix ρ that is stationary under the evolution of H 0 , straightforward computation yieldsR AB (t) = R AB (t)Θ(t) where [21] 
with the time-dependent operator B(t). Consider now the response at site k of the observable B = q β (k) to a pulse perturbation with A = q α (0) at the origin. Then (43) yields
As a simple consequence, we note that the total response
(45) is antisymmetric in the indices and independent of time.
Now consider the first moment
which provides information about the position at time t of the center of mass of the perturbation. Taking the time-derivative and using the Lieb-Robinson bound yields a first moment
that, somewhat unexpectedly, does not depend on time. Furthermore, from the correlation equality one derives the symmetry property
between the first response moments. Notice that commutativity of the conserved charges with the stationary density matrix [ρ, Q α ] = 0 is a sufficient condition for v αβ = v βα = 0. However, as stationarity alone does not imply [ρ, Q α ] = 0, in general an asymmetric spreading v αβ = 0 of the initial perturbation and hence a non-even response function may arise. Adaptation of these observations to more than one dimension is straightforward.
Conclusions.-The derivation of the correlation equality (1) provided here clarifies and generalizes the range of validity of a similar relation obtained in [1, 2] . The derivation relies only (i) on space-and time-translation invariance, and (ii) on the decay of local charge-current correlations (28) that is generically justified by the LiebRobinson bound. The correlation equality is valid arbitrarily far from thermal equilibrium and turns out to provide concrete infomation about the spatial structure of the linear response function under these general conditions and about finite-size corrections involving the time-dependent long-distance local charge-current correlations.
The further assumption of commutativity of the conserved charges and the stationary density matrix, not required for the validity of the correlation equality (1), implies a spatially even linear response function and the current symmetry (41). From local stationarity and mode-coupling arguments for classical systems [22] one then expects in one space dimension fluctuations around the deterministic hydrodynamics that are generically in Kardar-Parisi-Zhang (KPZ) universality class [23] and, on special manifolds in the space of densities, in the Fibonacci universality classes [24] which include the diffusive and Kardar-Parisi-Zhang universality classes as paradigmatic members.
Finally, we note that the correlation equality may be useful in numerical computations of quantum quenches as a probe of the underlying asymptotic GGE. Likewise, the linear response symmetry can be used as a probe of the symmetries of a density matrix when the only numerically known property is stationarity.
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